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Abstract 

Aim: This article investigates whether persistent homology and persistence entropy capture structural 
properties of financial time series beyond variance-based risk measures. Using data from the WIG20 
index (2019–2024), the study examines whether topological descriptors reflect intrinsic geometric and 
temporal organization rather than merely volatility intensity. 

Methodology: Logarithmic returns are embedded using sliding-window delay coordinates and 
analysed with Vietoris–Rips persistent homology. Betti numbers, persistence diagrams and rolling 𝐻1 
persistence entropy are computed. Relationships with classical risk diagnostics are evaluated using 
linear correlations, nonlinear dependence measures, regime comparisons and shuffle-based tests. 

Results: Persistence entropy shows weak association with volatility and second-moment risk. Stronger 
relationships appear with higher-order distributional characteristics such as skewness and kurtosis. 
Volatility-based regimes do not significantly separate entropy, whereas a structural split around the 
2022 geopolitical shock reveals a significant increase, indicating a shift in return geometry. Shuffle 
experiments confirm dependence on temporal ordering. 

Implications: Persistence entropy captures structural and temporal organization of financial returns 
and may complement classical econometric risk measures. 

Originality/value: The study shows that persistent homology reflects structural organization of return 
dynamics rather than acting as a volatility proxy. 
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1. Introduction 

Financial markets exhibit complex, nonlinear and dynamically evolving behaviour that often challenges 
classical econometric modelling. While volatility, autocorrelation and tail-risk measures provide 
valuable statistical summaries, they primarily capture distributional or moment-based properties of 
returns. Such measures do not directly describe the geometric or structural organization of return 
trajectories in state space. 

Topological Data Analysis (TDA) offers a complementary framework for studying data through its 
geometric and multiscale structure. Rather than focusing solely on local statistical characteristics, TDA 
examines connectivity, loops and higher-dimensional features that emerge when observations are 
viewed as points in a high-dimensional space. Persistent homology, the central tool of TDA, tracks how 
such topological features appear and disappear across scales, allowing structural organization to be 
quantified in a robust and scale-sensitive manner. 

In financial research, persistent homology has been used primarily in the context of crash detection, 
bubble identification and systemic risk analysis (Gidea, 2017; Yen & Cheong, 2021; Rai et al., 2024). 
However, most of these applications topological measures are interpreted as indicators of rising 
instability or volatility clustering, yet an important foundational question remains underexplored. 

Do topological descriptors simply re-express volatility in geometric language, or do they capture 
structural properties of financial time series that extend beyond classical variance-based risk measures? 

The study addressed this question using the WIG20 index (2019–2024) as an empirical case. Rather 
than focusing exclusively on crash detection, the author investigated whether persistence entropy 
reflects intrinsic geometric and temporal organization of embedded return trajectories. 

Methodologically, logarithmic returns were embedded using sliding-window delay coordinates, 
constructing Vietoris–Rips filtrations, computing persistent homology, and analysing Betti numbers, 
persistence diagrams, and rolling H₁ persistence entropy. Next its relationship to classical risk 
diagnostics was evaluated using linear and nonlinear dependence measures, regime comparisons, and 
surrogate shuffling experiments. 

The contribution of the paper is twofold. First, it provides a detailed structural characterization of 
the embedded WIG20 return geometry. Second, and more importantly, it demonstrates empirically 
that persistence entropy is not merely a volatility proxy but encodes structural and temporal 
organization of returns. 

The remainder of the paper is organized as follows. Section 2 presents the methodological framework. 
Section 3 reports empirical results. Section 4 discusses implications, limitations and directions for 
future research. 

1.1. Applications of TDA 

TDA has been successfully applied in image analysis, genomics, neuroscience, sensor networks, 
electronics, and dynamical systems (Carlsson, 2009; Ghrist, 2008; Zabaleta-Ortega et al., 2023; Zheng 
et al., 2024). More recently, researchers have explored its applications in time series analysis 
(Ravishanker & Chen, 2021; Ichinomiya, 2023; Chaudhari & Singh, 2024; de Jesus et al., 2025), 
particularly in economics and finance (e.g., Gidea, 2017; Gidea & Katz, 2018; Gidea et al., 2020; de 
Jesus et al., 2025), but also in health data (Zheng et al., 2024) and predictive maintenance (El Yaagoubi, 
Freyermuth & Ombao, 2025), among other domains. 

1.1.1. TDA in Time Series Analysis 

Time series data often exhibit complex dependencies and nonlinear behaviours, making them difficult 
to analyse using traditional models. TDA offers a novel approach by transforming time series into point 
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clouds via embedding techniques. One such approach is delay-coordinate embedding or sliding 
window embedding (Perea & Harer, 2015). This transformation allows the geometry of time series to 
be studied in high-dimensional spaces. 

One of the earliest works applying persistent homology to time series is that of Perea and Harer (2015), 
in which the authors introduced sliding window embeddings and demonstrated how topological 
recurrence structures can be used to detect periodicity in dynamical systems. Other studies have 
shown that TDA can effectively characterise chaotic behaviour (Emrani et al., 2014) and detect regime 
changes in complex systems (Seversky et al., 2016). 

Recently, another application of computational topology to time series has emerged, namely the use 
of topological invariants to detect regime change points (commonly referred to as changepoint 
analysis). Zheng et al. (2023) proposed PERCEPT, a novel online changepoint detection method that 
uses TDA as its technical backbone. Sugathadasa, Erfani and Leckie (2025) addressed the same task 
using topological smoothing, another method from computational topology, and developed the S-CPD 
framework. Yao et al. (2025) conducted a benchmark study of various changepoint detection methods 
in which they analysed 26 stocks over a 12-year period. Their results confirmed that TDA-based 
indicators consistently outperformed other approaches (in terms of the F1 score) in detecting “four 
major financial extreme events […]: the intensification of the European debt crisis in 2011, Brexit in 
2016, the outbreak of the COVID-19 pandemic in 2020, and the energy crisis triggered by the Russia–
Ukraine war in 2022” (Yao et al., 2025). El-Yaagoubi et al. (2025) introduced a robust method for 
changepoint detection in complex, non-stationary data in multi-trial experiments and validated its 
practical usefulness by correctly identifying bearing failures in NASA vibration signals. 

An overview of TDA applications to time series data can be found in Chaudhari and Singh (2024), 
Leaverton (2020), and the thesis by Bois (2024). A gentle introduction to TDA concepts for statistical 
audiences is provided by El-Yaagoubi, Chung and Ombao (2023). 

1.1.2. TDA for Market Data 

The use of persistent homology for financial time series specifically is another growing area of research. 
One of the first studies to apply TDA in financial markets was by Gidea (2017) and Gidea & Katz (2018), 
who analysed stock indices using topological recurrence networks. Their results suggested that 
persistent homology could detect pre-crash signals in stock markets, therefore rendering a useful tool 
in risk avoidance and mitigation. Aguilar and Ensor (2020) applied the theory to US stock market indices 
and some ETF contracts’ prices in order to detect changes in the market structure. In another study, 
Yen and Cheong (2021) used TDA to model volatility of stock markets in Singapore and Taiwan and 
found that a drop in persistency among homology groups was strongly related to market turbulence, 
as reflected in Betti numbers and persistent entropy. Similarly, Li et al. (2023) and Rai et al. (2024), 
applied Vietoris-Rips complexes to price series and demonstrated that market crashes coincide with 
an increase in topological complexity. One could say that detecting market crashes is currently the 
main area of use for TDA in financial and economic literature, as during financial crashes, the 
complexity of associate time-series rises, which corresponds with increase in 𝛽0 and 𝛽1 components 
(Yen & Cheong, 2021; Aguilar & Ensor, 2020). For example, Girish and Shahabudheen (2024) analysed 
the Indian stock market, aiming to detect crashes thereof. Rai et al. (2024) extended the usage of TDA 
to detecting widely understood extreme events on the market – which of course includes crashes. 

While topological methods in financial analysis were on the rise, so were cryptocurrencies. This may 
be why numerous studies utilising TDA in finance focused specifically on crypto markets. First, Gidea 
et al. (2020) used topological tools developed in their previous works and applied them to time series 
generated by cryptocurrency markets. Islambekov et al. (2024) used topological graph theory for 
capturing anomalies in crypto transactions. Song and Li (2025) discussed topological transmissions as 
early warnings for increased volatility in crypto prices. A sound overview of topological approach to 
cryptocurrencies was provided by Rudkin et al. (2023). 
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Another interesting use of TDA in market data was proposed by Akingbade et al. (2024), who analysed 
the capability of using TDA for detecting financial bubbles. Manziy et al. (2024) discussed how 
irrationality of human behaviour fits into this framework and, as a result, incorporated a behavioural 
model of information. 

1.2. Aim of the Research 

The primary objective of this research was to examine whether topological descriptors derived from 
persistent homology capture structural properties of financial return dynamics that extend beyond 
traditional variance-based risk measures. 

Rather than focusing solely on crash detection or volatility amplification, the author investigated 
whether persistence entropy reflects intrinsic geometric and temporal organization of the embedded 
return trajectory. 

Specifically, the research aimed to: 

• extract multiscale topological features from delay-embedded WIG20 logarithmic returns using 
Vietoris–Rips persistent homology, 

• characterise the static geometric structure of the embedded return cloud via Betti numbers, 
persistence diagrams, and barcodes, 

• analyse rolling H₁ persistence entropy as a time-varying measure of structural complexity, 

• evaluate linear and nonlinear dependence between persistence entropy and classical risk 
diagnostics, 

• assess whether entropy differentiates volatility-defined regimes, 

• examine whether entropy responds to macro-structural shifts (pre and post-February 2022), 

• test whether persistence entropy depends on temporal ordering through surrogate shuffling 
experiments. 

To address these objectives, the following research questions were formulated: 

Q1. Does the delay-embedded WIG20 return trajectory exhibit persistent multiscale cyclic structure, 
as reflected in H₁ features? 

Q2. Is persistence entropy linearly or nonlinearly dependent on classical risk measures such as volatility, 
tail risk, or autocorrelation? 

Q3. Does persistence entropy differentiate regimes defined purely by volatility magnitude? 

Q4. Is persistence entropy sensitive to broader structural changes in market dynamics, such as the 
macroeconomic shift associated with February 2022? 

Q5. Does persistence entropy depend materially on temporal ordering of returns, or is it primarily 
driven by static distributional characteristics? 

This paper systematically addressed these questions and by quantitative, topological analyses performed 
on the WIG20 data, evaluated whether persistent homology provides structural information about 
financial markets that is not reducible to conventional econometric diagnostics. 

2. Methods 

2.1. Data Collection and Preprocessing 

Let 𝑃𝑡 denote the adjusted closing price of the WIG20 index at time 𝑡. Logarithmic returns are defined as: 

 𝑟𝑡 = log⁡ 𝑃𝑡 − log⁡ 𝑃𝑡−1, (1) 

where log⁡denotes the natural logarithm. 
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To reconstruct the underlying dynamics, the author applied delay-coordinate embedding. For 
embedding dimension 𝑚, each embedded vector was defined as 

 𝐱𝑡 = (𝑟𝑡 , 𝑟𝑡+1, … , 𝑟𝑡+𝑚−1) ∈ ℝ𝑚. (2) 

This produced a point cloud 

 𝑋 = {𝐱1, 𝐱2, … , 𝐱𝑁}, (3) 

where 𝑁 denotes the number of embedded vectors and indices 𝑖, 𝑗 ∈ {1,… ,𝑁} refer to elements of 
this point cloud. 𝑚 is the embedding dimension, chosen based on Taken’s (1981) theorem, which 
ensures that the original dynamics are preserved in a sufficiently high-dimensional space (Noakes, 
1991; Robinson, 2010; Barański et al., 2024; Koltai & Kunde, 2024). Following previous works on 
financial time series, 𝑚 = 30 was selected (Gidea, 2017; Seversky et al., 2016). 

2.2. Vietoris-Rips Filtration 

Let 𝛿(𝐱𝑖 , 𝐱𝑗) denote the Euclidean distance between points 

 𝛿(𝐱𝑖, 𝐱𝑗) =∥ 𝐱𝑖 − 𝐱𝑗 ∥2. (4) 

For filtration parameter 𝜀 > 0, the Vietoris–Rips complex was defined as 

 𝑉𝑅𝜀(𝑋) = {𝜎 ⊂ 𝑋: 𝛿(𝐱𝑖, 𝐱𝑗) ≤ 𝜀 for all 𝐱𝑖, 𝐱𝑗 ∈ 𝜎}. (5) 

This produced a nested sequence of complexes as 𝜀 increases. 

2.3. Persistent Homology 

Persistent homology tracks the birth and death of topological features across filtration scales. 

Each feature is represented by a pair (𝑏ℓ, 𝑑ℓ), where 

• 𝑏ℓ = birth scale 

• 𝑑ℓ = death scale 

Lifetime of feature 
 ℓℓ = 𝑑ℓ − 𝑏ℓ, (6) 

where index ℓ = 1,… , 𝐿 runs over persistent features. 

Persistence entropy is computed from lifetimes: 

 𝑝ℓ =
ℓℓ

∑ ℓ𝑘
𝐿
𝑘=1

 (7) 

 𝐻 = −∑ 𝑝ℓ
𝐿
ℓ=1 log⁡ 𝑝ℓ. (8) 

2.4. Betti Numbers and Betti Curves 

For each filtration scale 𝜀 ≥ 0 , the Vietoris–Rips complex 𝑉𝑅𝜀(𝑋) induces homology groups 
𝐻𝑘(𝑉𝑅𝜀(𝑋)). The Betti number 𝛽𝑘(𝜀) is defined as the rank (dimension) of the 𝑘-th homology group 

 𝛽𝑘(𝜀):= rank 𝐻𝑘(𝑉𝑅𝜀(𝑋)). (9) 

In practice, persistent homology is computed once for the entire filtration, producing a persistence 
diagram (or barcode) for each homological dimension 𝑘. For a fixed 𝑘, the diagram is a multiset of 
birth–death pairs 
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 𝐷𝑘 = {(𝑏ℓ
(𝑘), 𝑑ℓ

(𝑘))}ℓ=1
𝐿𝑘 , (10) 

where 𝑏ℓ
(𝑘)

and 𝑑ℓ
(𝑘)

denote the birth and death filtration scales of the ℓ-th topological feature in 

dimension 𝑘, and 𝐿𝑘is the number of detected features. 

The Betti number 𝛽𝑘(𝜀)  at scale 𝜀  can be recovered directly from the diagram as the number of 
intervals alive at 𝜀, i.e. the number of features whose birth occurs at or before 𝜀 and whose death 
occurs after 𝜀: 

 𝛽𝑘(𝜀) = # {ℓ ∈ {1,… , 𝐿𝑘}: 𝑏ℓ
(𝑘)

≤ 𝜀 < 𝑑ℓ
(𝑘)

}. (11) 

Thus, 𝜀 ↦ 𝛽𝑘(𝜀) defines the Betti curve (sometimes called the Betti function) for dimension 𝑘. This 
study focused on: 

• 𝛽0(𝜀), the number of connected components of 𝑉𝑅𝜀(𝑋), 

• 𝛽1(𝜀), the number of independent one-dimensional loops. 

For reporting purposes, Betti curves were evaluated on a discrete grid of filtration values {𝜀1, … , 𝜀𝑀}. 

The resulting table {(𝜀𝑚, 𝛽0(𝜀𝑚), 𝛽1(𝜀𝑚))}𝑚=1
𝑀  provides a compact summary of how connectivity and 

loop structure evolve as the scale parameter increases. 

In the context of delay-embedded financial returns, connected components (𝛽0) represent clusters of 
return states that remain disconnected at small filtration scales. As the scale increases, components 
merge, reflecting increasing structural coherence in state space. 

Loops (𝛽1 ) correspond to cyclic geometric structures in the embedded trajectory. In a financial 
interpretation, such loops may reflect recurrent or oscillatory patterns in return dynamics, however 
these structures are purely geometric and should not be interpreted as deterministic cycles in price levels. 

2.5. Computational Implementation 

In this study, the giotto-tda Python library, developed by Tauzin et al. (2021), was employed to perform 
the required analyses, recommend the use of Python 3.12.12 and packages versions as follows: 

• giotto-tda 0.6.2, 

• numpy 1.24+, 

• scipy 1.10+, 

• scikit-learn 1.3+, 

• matplotlib 3.7+, 

• pandas 1.5+. 

The daily adjusted closing prices (Adj Close) of the WIG20 index were obtained from Stooq.pl. The sample 
covered the period from January 2019 to December 2024. The dataset contains observations for trading 
days only. Weekends and bank holidays were naturally excluded, and no artificial calendar alignment was 
performed. No missing observations were present within the trading-day series. Logarithmic returns 
were computed using consecutive trading days without interpolation or forward filling. 

3. Results 

3.1. Static Topological Structure of Embedded Returns 

The study began by analysing the persistent homology of the delay-embedded WIG20 log-return trajectory. 
Returns were embedded in dimension 𝑚 = 30, and the Vietoris–Rips filtration was constructed using the 
Euclidean metric. Within each rolling window, returns were standardised (z-score normalisation), ensuring 
comparability of filtration scales across time. 
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3.1.1. Betti Numbers and Betti Curves 

Table 1 reports representative Betti numbers for selected filtration values computed from the full-
sample embedding, calculated as in Eq. 9. 

Table 1. Betti numbers across filtration scales (full-sample embedding) 

Filtration scale 𝜺 𝜷𝟎 (components) 𝜷𝟏 (loops) 

4.426 572 62 

4.5482 404 30 

4.8537 297 30 

5.1593 218 13 

5.4649 172 9 

… … 0 

13.1043 16 0 

13.4099 11 0 

13.7154 5 0 

14.0210 1 0 

Source: own calculations in Python, using giotto-tda library (Tauzin et al., 2021); data from Stooq.pl. 

The 𝛽0 profile shows a gradual decrease in the number of connected components as the filtration scale 
increases, consistent with progressive merging of components in Vietoris–Rips complexes. In contrast, 
the 𝛽1profile is concentrated at the smallest filtration scales: loops are present only for 𝜀⁡near the 
lower end of the grid (𝛽1 = 62 at 𝜀 ≈ 4.24, declining to 𝛽1 = 9at 𝜀 ≈ 5.46), after which 𝛽1becomes 
identically zero over the remainder of the filtration range. 

This pattern indicates that cyclic structure in the embedded return cloud is strictly local in scale: 
𝐻1features exist only at very small radii and disappear rapidly as 𝜀⁡increases. Consequently, there was 
no evidence of persistent loop structure at moderate or large filtration scales. 

Figure 1 shows the corresponding Betti curves. The 𝛽0⁡curve decreases smoothly, while the 𝛽1 curve is 
sharply concentrated at the smallest filtration values and collapses to zero thereafter. Importantly, this 
behaviour reflects that loop-like geometry, if present, is confined to a narrow band of small scales. 

Fig. 1. Betti curves from full-sample embedding 

Source: own calculations in Python, using giotto-tda library (Tauzin et al., 2021); data from Stooq.pl. 



Stanisław M. Halkiewicz  8 

3.1.2. Persistence Diagram 

The persistence diagram presented in Figure 2 supports the Betti-number evidence. 𝐻0 features merge 
as 𝜀  grows, while 𝐻1  features are predominantly short-lived and concentrated near the diagonal, 
consistent with loop structure that vanishes quickly when moving away from the smallest scales. 

Fig. 2. Persistence diagram calculated from the full-sample embedding 

Source: own calculations in Python, using giotto-tda library (Tauzin et al., 2021); data from Stooq.pl. 

3.1.3. Persistence Barcode 

The persistence diagrams represent each topological feature as a point (𝑏, 𝑑) in the birth–death plane. 
The persistence barcode, on the other hand, provides an equivalent but often more interpretable 
representation. Formally, for each homological feature (either connected component or loop) with 
birth time 𝑏and death time 𝑑, the barcode represents the feature as a horizontal interval [𝑏, 𝑑) on the 
filtration axis. The length of the bar equals its lifetime 𝑑 − 𝑏, and longer bars correspond to more 
persistent (and therefore potentially more structurally relevant) topological features. 

The barcode presented in Figure 3 is illustrated with separate panels for 𝐻0 and 𝐻1: 

• the upper panel corresponds to 𝐻0 (connected components), 

• the lower panel corresponds to 𝐻1⁡(loops). 

This separation is necessary because 𝐻0 typically contains a large number of intervals (one per initial 
component at small scales), which would otherwise visually dominate the barcode and obscure the 
behaviour of 𝐻1 features. 

The 𝐻0 panel shows many intervals born at small filtration values that terminate as components merge. 
As the filtration scale increases, these intervals progressively collapse until a single connected 
component remains. 

The 𝐻1 panel reveals that loop intervals occur only within a narrow range of small filtration values. In 
line with the Betti-number evidence reported in Table 1, 𝐻1 bars are short-lived and disappear rapidly 
as 𝜀 increases and no long-persistent 𝐻1 intervals are observed at moderate or large scales. 

By analysing Figure 3, one can reinforce the conclusion that cyclic structures in the embedded WIG20 
return trajectory are localised and scale-limited rather than globally persistent. 
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Persistence barcode (window end 2020-01-16) 

 

Fig. 3. Persistence barcode on the full-sample embedding, split by homology dimension 

Source: own calculations in Python, using giotto-tda library (Tauzin et al., 2021); data from Stooq.pl. 

3.2. Rolling Persistence Entropy Dynamics 

Compute 𝐻1 (for further analysis, 𝐻0 is economically not interesting) persistence entropy within rolling 
windows of 252 trading days with a stride of 5 days. Figure 4 presents rolling 𝐻1 entropy together with 
rolling volatility. 

 

Fig. 4. Comparison of rolling volatility and 𝐻1 persistence entropy in the researched period 

Source: own calculations in Python, using giotto-tda library (Tauzin et al., 2021); data from Stooq.pl. 
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The entropy values fluctuate over time instead of following a deterministic upward or downward trend. 
Periods of increased entropy alternate with periods of lower entropy. The Pearson correlation 
between entropy and rolling volatility was calculated as 𝜌 = −0.19  (with 𝑛 = 250 ). This weak 
(negative) association indicates that persistence entropy is not a simple (linear) transformation of 
volatility. It is also difficult to deduce from the plot any other trivial relationship that could describe 
the relationship of these two metrics. 

3.3. Diagnostic Comparison 

3.3.1. Linear Dependence 

To evaluate whether persistence entropy captures information already embedded in standard 
financial risk measures, the author computed both Pearson and Spearman correlations between rolling 
𝐻1persistence entropy and a range of classical diagnostics. In addition to raw correlations, correlations 
were reported after removing the linear effect of rolling volatility (entropy residualised with respect 
to volatility). Table 2 shows the computed coefficients. 

Table 2. Computed correlation coefficients between persistence entropy and selected standard risk metrics 

Metric Pearson (raw) Spearman (raw) Pearson (resid.) Spearman (resid.) 

Rolling volatility -0.1854 -0.1374 2.8345e^-17 0.0662 

Realised variance -0.1877 -0.1385 -0.0031 0.0652 

Downside semivariance -0.2416 -0.1607 -0.0627 0.0344 

Skewness 0.3576 0.3586 0.2227 0.2062 

Excess kurtosis -0.4372 -0.5434 -0.3209 -0.4327 

5% VaR 0.1430 0.0917 -0.0385 -0.1049 

Expected shortfall at 5% 0.3085 0.2789 0.1371 0.0886 

First order autocorrelation 0.2729 0.2292 0.3014 0.2776 

Source: own calculations performed in Python, using giotto-tda library (Tauzin et al., 2021); data from Stooq.pl. 

Thus several patterns can be seen. First, the linear association between persistence entropy and volatility 
is weak (Pearson –0.1854), and vanishes entirely once entropy is residualised with respect to volatility. 
This confirms that persistence entropy is not a simple transformation of second-moment risk. 

Second, entropy exhibits moderate association with higher-order distributional characteristics. In 
particular, excess kurtosis shows the strongest relationship (Pearson –0.4372; Spearman –0.5434). 
Even after removing the linear effect of volatility, a substantial association remains (Pearson –0.3209; 
Spearman –0.4327). This suggests that entropy is sensitive to tail thickness and distributional shape 
rather than merely dispersion. 

Third, skewness and expected shortfall display moderate positive correlations with entropy. The 
relationship weakens after volatility adjustment but remains non-negligible. This could indicate partial 
independence from second-moment effects. 

Fourth, persistence entropy shows moderate association with first-order autocorrelation, and this 
relationship slightly strengthens after volatility residualisation (Pearson 0.3014). This indicates that 
entropy may reflect temporal dependence structure in returns. 

Finally, risk measures focused on lower-tail quantiles (VaR at 5%) show only weak association, 
particularly after volatility adjustment. 

Overall, persistence entropy is weakly related to volatility, moderately related to higher-order moment 
structure (especially kurtosis), and partially associated with serial dependence. Therefore, since the 
correlation is not straightforwardly linearly dependent on a standard risk metric, it can be concluded 
that it captures structural characteristics of the embedded return geometry that extend beyond 
traditional variance-based statistics. 
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3.3.2.  Nonlinear Dependence 

In order to deepen the analysis, the author also checked for nonlinear dependencies, computing 
mutual information (MI) and distance correlation (dCor) between rolling H1 persistence entropy and 
selected diagnostics. Mutual information captures general statistical dependence without assuming 
linearity, while distance correlation equals zero if and only if the variables are independent, thus also 
detecting nonlinear dependence structures. 

Table 3. Computed nonlinear dependencies between persistence entropy and selected 
standard risk metrics. 

Metric Mutual information Distance correlation 

Volatility 0.8160 0.2401 

Realised variance 0.8031 0.2396 

Downside semivariance 0.5942 0.2811 

Skewness 0.7394 0.4296 

Excess kurtosis 0.7914 0.4851 

5% VaR 0.6353 0.2201 

Expected shortfall at 5% 0.7225 0.3460 

First order autocorrelation 0.3371 0.2886 

Source: own calculations performed in Python, using giotto-tda library (Tauzin et al., 2021); 
data from Stooq.pl. 

First, mutual information values are relatively high across most diagnostics. However, MI is sensitive 
to marginal distributions and does not directly quantify strength of functional dependence. Distance 
correlation therefore provides a more interpretable measure of nonlinear association. 

Second, distance correlations between persistence entropy and standard dispersion measures 
(volatility and realised variance) are modest (approximately 0.24). This confirms the earlier conclusion 
from linear analysis: persistence entropy is not strongly driven by second-moment risk. 

Third, the strongest nonlinear association is observed with excess kurtosis (dCor ≈ 0.49) and skewness 
(dCor ≈ 0.43). This is consistent with the linear findings and suggests that persistence entropy is 
particularly sensitive to distributional shape and tail behaviour rather than variance alone. 

Fourth, nonlinear dependence with downside risk measures (Expected Shortfall, VaR, semivariance) 
remains moderate but not dominant (distance correlations between 0.22 and 0.35), indicating partial, 
however not deterministic, linkage with tail risk. 

Finally, dependence with first-order autocorrelation (dCor ≈ 0.29) suggests that persistence entropy 
may encode information related to short-term serial dependence in returns. 

Nonlinear diagnostics reinforce the earlier conclusion: persistence entropy is not merely a nonlinear 
transformation of volatility, as it appears to reflect higher-order structural properties of the return 
distribution (particularly kurtosis and skewness) along with elements of temporal dependence. 

Linking with the prior linear results, the evidence suggests that persistence entropy captures aspects 
of the geometric organization of embedded returns that extend beyond classical variance-based and 
tail-risk statistics. 

3.4. Regime Comparison 

3.4.1. Volatility-based Regimes 

To investigate whether persistence entropy differs systematically across market regimes, the author 
first considered a classification based on volatility intensity. Rolling windows were partitioned according 
to quartiles of rolling volatility: 
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• high-volatility regime: top quartile of rolling volatility, 

• low-volatility regime: bottom quartile of rolling volatility. 

For each regime the mean persistence entropy was computed and compared using both parametric 
(Welch t-test) and nonparametric (Mann–Whitney U test) procedures (West, 2021). 

Table 4. Mean persistence entropy by volatility regime 

Regime Mean entropy 

High-volatility 6.8468 

Low-volatility 6.7733 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

The mean entropy is slightly lower during high-volatility periods, with a difference of approximately 
–0.0735. 

Table 5. Statistical tests for equality of entropy distributions across regimes 

Statistic Value 

Welch t-statistic -0.9209 

T-test p-value 0.3590 

Mann–Whitney p-value 0.2495 

Cohen’s d -0.1641 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

Both the Welch t-test and the Mann–Whitney test failed to reject equality of means (or distributions) 
at conventional significance levels. The estimated effect size (Cohen’s d = –0.1641) indicates a small 
magnitude difference (Hedges, 2024). 

Thus, while persistence entropy exhibits a mild tendency to decrease during high-volatility periods, the 
evidence does not support statistically robust regime separation when regimes are defined purely by 
volatility magnitude. This result reinforces the earlier conclusion that persistence entropy is not 
primarily determined by second-moment risk levels. 

3.4.2. Structural Regime Split: Pre and Post-2022 

Since persistence entropy is intended to capture the intrinsic geometric organization of embedded 
return trajectories, it was natural to examine whether it responds to major structural changes in the 
economic environment. In contrast to volatility-based regime classification which focuses on the 
magnitude of short-term fluctuations, a structural split allows to assess whether broader macroeconomic 
transformations alter the underlying geometry of returns. 

The Polish economy experienced a pronounced structural shift following February 2022, when Russia 
launched its full-scale invasion of Ukraine. For Poland, this event marked a transition from relatively 
stable and expansionary economic conditions to a regime characterised by geopolitical uncertainty, 
elevated inflationary pressure, energy-market disruptions, and a large-scale inflow of refugees. This 
transition did not correspond to a single, well-defined stock market crash, but rather it represented a 
broader reorganization of economic conditions that plausibly affected corporate expectations, 
investors’ sentiments, sectoral dynamics, fiscal and monetary responses, and cross-border capital 
flows. 

If persistence entropy reflects structural properties of return trajectories rather than merely volatility 
intensity (which these conclusions support so far), one would expect it to be sensitive to such a macro-
level transformation. 
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Accordingly, rolling windows were divided into: 

• pre-2022 period (before February 2022), 

• post-2022 period (February 2022 onward). 

The results are reported in Tables 6 and 7. 

Table 6. Persistence entropy before and after the Russian full-scale invasion of Ukraine 

Period N Mean entropy Standard deviation 

Pre-invasion 108 6.6321 0.4788 

Post-invasion 142 6.9677 0.6526 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

The post-2022 period exhibits a higher average persistence entropy, with a difference of approximately 
0.336. 

Table 7. Statistical tests for structural regime comparison 

Statistic Value 

Welch t-statistic -4.6896 

T-test p-value 4.53 × 10⁻⁶ 

Mann–Whitney p-value 7.16 × 10⁻⁷ 

Cohen’s d −0.575 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

Both the parametric and nonparametric tests indicate a statistically significant difference between the 
two structural periods. The estimated effect size (|d| ≈ 0.58) suggests a moderate magnitude 
separation. 

Unlike the volatility-based regime classification, which showed no robust separation, the structural 
split indicated a clear shift in the geometric complexity of the embedded WIG20 return trajectory. This 
suggests that persistence entropy is responsive to broader structural transformations in market 
dynamics rather than merely to fluctuations in volatility, which further supports the study’s findings. 
For a complete view see Figure 5 presenting the temporal trajectory of 𝐻1 persistent homology, with 
the time split in February 2022. 

 

Fig. 5. Rolling H1 persistence entropy with structural split in February 2022 

Source: own calculation based on rolling-window estimates; data from Stooq.pl. 

                        

               

   

   

   

   

   

   

 
 
  
 
  
  
  
 
 
 
  
 
  
 
 
 

                                                   



Stanisław M. Halkiewicz  14 

3.5. Surrogate Test of Dependence on Temporal Organization 

The previous analyses suggest that persistence entropy is not primarily driven by volatility levels and 
is only partially related to higher-order distributional characteristics. However, an important 
conceptual question remains: does persistence entropy merely reflect static properties of the return 
distribution, or does it depend on the temporal organization of returns? 

Persistent homology is applied to delay-embedded time series, meaning that geometric structure 
emerges from the trajectory of returns in phase space. If entropy were determined solely by marginal 
distributional features (such as variance or kurtosis), then randomly permuting returns within each 
window, thereby preserving the distribution but destroying temporal dependence, should not 
materially affect entropy values. Conversely, if persistence entropy reflects dynamic organization, 
shuffling should alter the geometric structure and therefore change entropy. 

To test this, the author performed a shuffle-based surrogate experiment. Within each selected rolling 
window, the return sequence was randomly permuted. This preserves: 

• the unconditional distribution of returns, 

• volatility magnitude, 

• skewness and kurtosis, 

but eliminates: 

• serial dependence, 

• volatility clustering, 

• any higher-order temporal structure. 

Persistence entropy was then recomputed for each shuffled window, and compared with entropy from 
the original ordering. 

The results are reported in Table 8. 

Table 8. Original vs shuffled persistence entropy 

Statistic Value 

Number of windows 60 

Mean entropy (original) 6.8267 

Mean entropy (shuffled) 7.4192 

Mean difference (orig − shuf) −0.5926 

Paired t-statistic −5.06 

T-test p-value 5.06 × 10⁻⁶ 

Wilcoxon p-value 2.90 × 10⁻⁵ 

Cohen’s d (paired) −0.6481 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

Both parametric and nonparametric tests indicate a statistically significant difference between entropy 
computed on original returns and entropy computed on shuffled surrogates. The estimated effect size 
(|d| ≈ 0.65)corresponds to a moderate-to-large magnitude difference (Hedges, 2024). 

Entropy was also systematically higher for the shuffled series. Since shuffling preserves the unconditional 
distribution of returns but eliminates temporal dependence, this result implies that persistence entropy 
depends materially on return ordering. Temporal organization appears to constrain the geometric 
complexity of the embedded trajectory, leading to lower entropy in the original data relative to its 
randomly permuted counterpart. 
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Figure 6 illustrates the standardised entropy time series for the original and shuffled windows. 

 

Fig. 6. 𝐻1 persistence entropy for original vs. shuffled timeseries 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

Figure 7 presents the distribution of paired entropy differences. 

 

Fig. 7. Paired 𝐻1 persistence entropy differences distribution 

Source: own calculations based on rolling-window estimates; data from Stooq.pl. 

The predominance of negative differences ( original⁡ < ⁡shuffled ) also confirms that destroying 
temporal structure systematically alters the geometric organization, which persistent homology is 
designed to capture. The presented surrogate experiment once again confirms that persistent entropy 
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is fundamentally and structurally different from traditional risk measures, as it is dependent 
structurally on temporal structure, the intrinsic geometry of the series etc., which – for example – 
volatility does not take into account at all. 

4. Discussion and Conclusions 

This study examined whether persistent homology and persistence entropy capture the structural 
properties of financial return dynamics that extend beyond traditional variance-based risk measures. 
The findings can be interpreted directly in light of the research questions posed earlier. 

Q1. Does the delay-embedded WIG20 return trajectory exhibit persistent multiscale cyclic 
structure? 

The static topological analysis indicates that 𝐻₁ features (loops) are present only at very small filtration 
scales and are mainly short-lived. No long-persistent multiscale cyclic structure was detected. This 
suggests that the embedded WIG20 return cloud does not exhibit globally persistent cyclic 
organization. Instead, loop structures appear local and scale-limited, therefore persistent homology 
does not reveal strong global periodic geometry in the investigated period. 

Q2. Is persistence entropy dependent on classical risk measures? 

Both linear and nonlinear diagnostics show that persistence entropy is only weakly related to volatility 
and realised variance. After residualising entropy with respect to volatility, linear associations vanish 
almost entirely. Nonlinear dependence, as measured by distance correlation, remains modest. 

Stronger associations are observed with higher-order distributional characteristics, particularly 
kurtosis and skewness, and moderate association appears with first-order autocorrelation. However, 
these relationships remain partial rather than deterministic. Thus, persistence entropy is not reducible 
to a linear or nonlinear transformation of second-moment risk. 

Q3. Does entropy differentiate volatility-defined regimes? 

When regimes are defined purely by volatility quartiles, entropy does not display statistically significant 
separation. Parametric and nonparametric tests failed to reject equality of entropy distributions across 
both high and low-volatility regimes. 

This result is crucial: persistence entropy does not simply increase during volatile periods. It does not 
behave as an alternative volatility proxy. This directly supports the central thesis of the paper. 

Q4. Is entropy sensitive to structural macroeconomic shifts? 

In contrast to volatility-based classification, the structural split at February 2022 reveals a statistically 
significant increase in entropy in the post-2022 period. The effect size is moderate, and both 
parametric and nonparametric tests confirm the difference. 

This suggests that persistence entropy responds to broader structural transformations in market 
organization rather than to short-term fluctuation intensity. The macroeconomic shift associated with 
geopolitical disruption appears to have altered the geometric organization of embedded returns. 

Q5. Does entropy depend on temporal ordering? 

The surrogate shuffle experiment provides the strongest structural evidence. By randomly permuting 
returns within rolling windows, the study preserved marginal distributions while destroying temporal 
dependence. 
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Entropy systematically increased under shuffling, and the difference is statistically significant with 
moderate-to-large effect size. This demonstrates that persistence entropy depends materially on 
temporal organization of returns, and it is not merely a function of distributional shape. 

4.1. Overall Conclusions 

Taken holistically, the findings indicate that (𝐻1 ) persistence entropy captures mainly intrinsic 
geometric and temporal organization of embedded return trajectories. In order to answer the 
hypothesis from the title of this article – it is neither a linear nor nonlinear proxy for volatility (or any 
other standard risk measure, in fact). It does not reflect dispersion nor tail risk, but instead it appears 
to encode how returns are arranged in phase space, which is a much richer conclusion. This sensitivity 
becomes especially evident under macro-level regime shifts and temporal disruption. From a financial 
viewpoint, this may suggest that topological descriptors have the ability to complement traditional 
econometric risk measures (instead of replacing them) by providing information about the structure 
of market dynamics not captured by variance-based statistics. 

4.2. Limitations and Future Research Directions 

While the application of persistent homology to the WIG20 index has yielded structurally meaningful 
insights, several limitations should be acknowledged. 

First, interpretability remains a central challenge. Although persistent homology provides 
mathematically rigorous summaries of geometric structure, the economic meaning of specific 
topological features, such as short-lived loops or fluctuations in persistence entropy, is not always 
straightforward. Unlike volatility, autocorrelation, or tail risk measures, which have well-established 
interpretations in financial economics, topological descriptors operate at a more abstract level of 
geometric organization. Translating geometric complexity into economically interpretable 
mechanisms remains an open problem. 

Second, computational complexity constitutes a practical limitation. Persistent homology of high-
dimensional embeddings, especially in rolling-window settings, is resource intensive. Although 
recent algorithmic advances have improved scalability, large-scale or real-time applications remain 
challenging. Future work may explore approximation techniques, sparse filtrations, or streaming 
implementations of persistent homology to facilitate broader empirical use. 

Third, the presented study is structural and diagnostic in nature. While it demonstrates that 
persistence entropy is not a volatility proxy, responds to macro-structural shifts, and depends 
materially on temporal ordering, it does not assess predictive performance. Whether topological 
features can enhance forecasting models (for example, in volatility prediction, regime classification, 
or systemic risk monitoring) remains an open research direction. Integrating persistent homology 
with econometric or machine learning frameworks could clarify its incremental predictive value. 

Finally, the empirical scope is limited to a single index and a defined time span. Extending the analysis 
to cross-market comparisons, sectoral indices or multi-asset systems, could reveal whether the 
structural properties identified by the study are specific to WIG20 or reflect broader market 
regularities. 

Then, there is the problem of interpretability – looking at any time series from the geometric view is 
still relatively new, compared to the rich accomplishments of econometrics, statistics and quantitative 
finance. As it is mainly mathematicians who develop TDA, there are more tools to recover the insights 
from the data than ways of interpreting the formulated insights. This is where economists can play 
a relevant and vital role. 
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Metodyka: Logarytmiczne stopy zwrotu osadzono metodą okna przesuwnego, a następnie 
przeanalizowano z wykorzystaniem homologii trwałej Vietorisa–Ripsa i obliczono deskryptory 
topologiczne. Zależności między entropią a klasycznymi miarami ryzyka oceniono przy użyciu miar 
zależności liniowej i nieliniowej, analizy reżimów oraz testów z losowym przetasowaniem 
obserwacji. 

Wyniki: Stwierdzono słabą zależność entropii trwałej od zmienności i miar opartych na drugich 
momentach. Silniejsze związki zaobserwowano z wyższymi momentami rozkładu, zwłaszcza skośnością 
i kurtozą. Podział próby według poziomu zmienności nie prowadzi do istotnej separacji entropii, 
natomiast podział związany z szokiem geopolitycznym w 2022 roku ujawnia istotny wzrost entropii. 
Testy z przetasowaniem potwierdzają jej zależność od porządku czasowego danych. 

Implikacje: Entropia trwała opisuje strukturalną i czasową organizację stóp zwrotu i może stanowić 
uzupełnienie klasycznych miar ekonometrycznych ryzyka. 

Oryginalność/Wartość: Wykazano, że trwała homologia odzwierciedla strukturę dynamiki rynku, a nie 
jedynie poziom zmienności. 

Słowa kluczowe: topologiczna analiza danych, homologia trwała, WIG20, indeksy rynkowe 
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